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Abstract
In terms of the number of triangles, it is known that there are more than expo-
nentially many triangulations of surfaces, but only exponentially many triangula-
tions of surfaces with bounded genus. In this paper we provide a first geometric
extension of this result to higher dimensions. We show that in terms of the number
of facets, there are only exponentially many geometric triangulations of space forms
with bounded geometry in the sense of Cheeger (curvature and volume bounded
below, and diameter bounded above). This establishes a combinatorial version of
Cheeger’s finiteness theorem.
Further consequences of our work are:
(1) There are exponentially many geometric triangulations of Sd.
(2) There are exponentially many convex triangulations of the d-ball.
1 Introduction
In discrete quantum gravity, one simulates Riemannian structures by considering all
possible triangulations of manifolds [Reg61, ADJ97, Wei82]. The metric is introduced
a posteriori, by assigning to each edge a certain length (as long as all triangular in-
equalities are satisfied). For example, in Weingarten’s dynamical triangulations model,
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we simply assign to all edges length 1, and view all triangles as equilateral triangles in
the plane [ADJ97, Wei82]. The resulting intrinsic metric is sometimes called “equilateral
flat metric”, cf. [AB17a].
This model gained popularity due to its simplification power. For example, the parti-
tion function for quantum gravity, a path integral over all Riemannian metrics, becomes
a sum over all possible triangulations withN facets [Wei82]. To make sure that this sum
converges whenN tends to infinity, one needs to establish an exponential bound for the
number of triangulated d-manifolds with N facets; compare Durhuus–Jonsson [DJ95].
However, already for d = 2, this dream is simply impossible: It is known that here are
more than exponentially many surfaces with N triangles. For d = 2 the problem can
be bypassed by restricting the topology, because for fixed g there are only exponentially
many triangulations of the genus-g surface, as explained in [ADJ97, Tut62].
In dimension greater than two, however, it is not clear which geometric tools to use
to provide exponential cutoffs for the class of triangulations withN simplices. Are there
only exponentially many triangulations of S3, or more? This open problem, first asked
in [ADJ91], was later put into the spotlight also by Gromov [Gro00, pp. 156–157]. Part
of the difficulty is that when d ≥ 3 many d-spheres cannot be realized as boundaries of
(d + 1)-polytopes [Kal88, PZ04], and cannot even be shelled [HZ00]. In fact, we know
that shellable spheres are only exponentially many [BZ11].
We tackle the problem from a new perspective. Cheeger’s finiteness theorem states
that there are only finitely many diffeomorphism types of space forms with “bounded
geometry”: curvature and volume bounded below, and diameter bounded above. What
we achieve is a discrete analogue of Cheeger’s theorem, which (roughly speaking) shows
that geometric triangulations of manifolds with bounded geometry are very few.
Theorem I (Theorem 3.5). In terms of the number of facets, there are exponentially many
geometric triangulations of space forms with bounded geometry (and fixed dimension).
Since every topological triangulation of an orientable surface can be straightened to
a geometric one [CdV91, Wag36], this result is a generalization of the classical exponen-
tial bound on the number of triangulated surfaces with bounded genus.
Here is the proof idea. Via Cheeger’s bounds on the injectivity radius, we chop any
manifold of constant curvature into a finite number of convex pieces of small diame-
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ter. Up to performing a couple of barycentric subdivisions, we can assume that each
piece is a shellable ball [AB17], and in particular endo-collapsible [Ben12]. This implies
an upper bound for the number of critical faces that a discrete Morse function on the
triangulation can have. From here we are able to conclude, using the second author’s
result that there are only exponentially many triangulations of manifolds with bounded
discrete Morse vector [Ben12].
Inspired by Gromov’s question, let us now consider the unit sphere Sd with its stan-
dard intrinsic metric. Let us agree to call “geometric triangulation” any tiling of Sd into
regions that are convex simplices with respect to the given metric and combinatorially
form a simplicial complex. For example, all the boundaries of (d + 1)-polytopes yield
geometric triangulations of Sd, but not all geometric triangulations arise this way. How
many geometric triangulations are there?
Once again, by proving that the second derived subdivision of every geometric tri-
angulation is endo-collapsible, we obtain
Theorem II (Theorem 2.5). There are at most 2d2·((d+1)!)2·N distinct combinatorial types of
geometric triangulations of the standard Sd with N facets.
Our methods rely, as explained, on convex and metric geometry. Whether all trian-
gulations of Sd are exponentially many, remains open. But even if the answer turned
out to be negative, Main Theorems I and II provide some support for the hope of dis-
cretizing quantum gravity in all dimensions.
Preliminaries
By Rd, Hd and Sd we denote the euclidean d-space, the hyperbolic d-space, and the unit
sphere in Rd+1, respectively. A (euclidean) polytope in Rd is the convex hull of finitely
many points in Rd. Similarly, a hyperbolic polytope in Hd is the convex hull of finitely
many points of Hd. A spherical polytope in Sd is the convex hull of a finite number of
points that all belong to some open hemisphere of Sd. Spherical polytopes are in natural
one-to-one correspondence with euclidean polytopes, just by taking radial projections;
the same is true for hyperbolic polytopes. A geometric polytopal complex in Rd (resp. in
Sd orHd) is a finite collection of polytopes in Rd (resp. Sd, Hd) such that the intersection
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of any two polytopes is a face of both. An intrinsic polytopal complex is a collection of
polytopes that are attached along isometries of their faces (cf. Davis–Moussong [DM99,
Sec. 2]), so that the intersection of any two polytopes is a face of both.
The face poset (C,⊆) of a polytopal complex C is the set of nonempty faces of C,
ordered with respect to inclusion. Two polytopal complexes C, D are combinatorially
equivalent, denoted by C ∼= D, if their face posets are isomorphic. Any polytope combi-
natorially equivalent to the d-simplex, or to the regular unit cube [0, 1]d, shall simply be
called a d-simplex or a d-cube, respectively. A polytopal complex is simplicial (resp. cubi-
cal) if all its faces are simplices (resp. cubes).
The underlying space |C| of a polytopal complex C is the topological space obtained
by taking the union of its faces. If two complexes are combinatorially equivalent, their
underlying spaces are homeomorphic. IfC is simplicial, C is sometimes called a triangu-
lation of |C| (and of any topological space homeomorphic to |C|). If X is a metric length
space, we call geometric triangulation any intrinsic simplicial complex C isometric to X
such that the simplices of C are convex in the underlying length metric. For example,
the boundary of every simplicial (d+1)-polytope yields a geometric triangulation of Sd.
Figure 1: LEFT: A tiling of a disk that is not a geometric triangulation, because the tiles are not convex.
RIGHT: Rudin’s 3-ballR is a non-shellable subdivision of a convex 3-dimensional polytope with 14 vertices,
cf. [Wot04]. Coning off the boundary of R one gets a simplicial complex ∂(v ∗ R) that is a geometric
triangulation of S3, but it is not shellable, hence not polytopal.
A subdivision of a polytopal complex C is a polytopal complex C ′ with the same
underlying space of C, such that for every face F ′ of C ′ there is some face F of C for
which F ′ ⊂ F . A derived subdivision sdC of a polytopal complex C is any subdivision
of C obtained by stellarly subdividing at all faces in order of decreasing dimension
of the faces of C, cf. [Hud69]. An example of a derived subdivision is the barycentric
subdivision, which uses as vertices the barycenters of all faces of C.
If C is a polytopal complex, and A is some set, we define the restriction R (C,A) of
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C to A as the inclusion-maximal subcomplex D of C such that |D| lies in A. The star
of σ in C, denoted by St (σ,C), is the minimal subcomplex of C that contains all faces
of C containing σ. The deletion C −D of a subcomplex D from C is the subcomplex of
C given by R (C,C\relintD). The (first) derived neighborhood N(D,C) of D in C is the
simplicial complex
N(D,C) :=
⋃
σ∈sdD
St (σ, sdC).
Similarly, for k > 1, the k-th derived subdivision of a complex C is recursively defined
as sdC = sd (sd k−1C). The k-derived neighborhood of D in C, denoted by Nk(D,C), is
the union of St (σ, sd kC), with σ ∈ sd kD.
Figure 2: N2(D,C), where C is a triangle and D the subcomplex formed by two of its edges.
Next comes the geometric definition of the link of a face σ. Intuitively, it is a spher-
ical complex whose face poset is the upper order ideal of σ in the face poset of C. The
formal definition is as follows, cf. [AB17b]. Let p be any point of a metric space X . By
TpX we denote the tangent space of X at p. Let T1pX be the restriction of TpX to unit
vectors. If Y is any subspace of X , then N(p,Y )X denotes the subspace of the tangent
space TpX spanned by the vectors orthogonal to TpY . If p is in the interior of Y , we
define N1(p,Y )X := N(p,Y )X ∩ T1pY . If τ is any face of a polytopal complex C containing
a nonempty face σ of C, then the set N1(p,σ)τ of unit tangent vectors in N
1
(p,σ)|C| point-
ing towards τ forms a spherical polytope Pp(τ), isometrically embedded in N1(p,σ)|C|.
The family of all polytopes Pp(τ) in N1(p,σ)|C| obtained for all τ ⊃ σ forms a polytopal
complex, called the link of C at σ; we will denote it by Lk p(σ,C). If C is a geometric
polytopal complex in Xd = Rd (or Xd = Sd), then Lk p(σ,C) is naturally realized in
N1(p,σ)X
d. Obviously, N1(p,σ)X
d is isometric to a sphere of dimension d − dimσ − 1, and
will be considered as such. Up to ambient isometry Lk p(σ,C) and N1(p,σ)τ in N
1
(p,σ)|C|
or N1(p,σ)X
d do not depend on p; for this reason, p will be omitted in notation whenever
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possible. By convention, we define Lk (∅, C) = C, and it is the only link that does not
come with a natural spherical metric.
If C is a simplicial complex, and σ, τ are faces of C, we denote by σ ∗ τ the minimal
face of C containing both σ and τ (if there is one). If σ is a face of C, and τ is a face of
Lk (σ,C), then σ ∗ τ is defined as the face of C with Lk (σ, σ ∗ τ) = τ . In both cases, the
operation ∗ is called the join.
Figure 3: The complex on the left has four free edges (in red). The deletion of any of them is callled an
‘elementary collapse’. It yields a complex with two fewer faces and same homotopy type (right). Such
complex still has free faces, so the simplification process can be carried out further.
Inside a polytopal complex C, a free face σ is a face strictly contained in only one
other face of C. An elementary collapse is the deletion of a free face σ from a polytopal
complex C. We say that C (elementarily) collapses onto C − σ, and write C ↘e C − σ. We
also say that the complex C collapses to a subcomplex C ′, and write C ↘ C ′, if C can be
reduced to C ′ by a sequence of elementary collapses. A collapsible complex is a complex
that collapses onto a single vertex. Collapsibility is, clearly, a combinatorial property
(i.e. it only depends on the combinatorial type), and does not depend on the geometric
realization of a polytopal complex. We have however the following results:
Theorem 1.1 (Adiprasito–Benedetti [AB17b]). Let C be a simplicial complex. If the under-
lying space of C in Rd is convex, then the (first) derived subdivision of C is collapsible.
We are also going to apply to certain face links the following “spherical version” of
the statement above.
Theorem 1.2 ([AB17b], cf. also [Adi13, Chapter II.2]). Let C be any convex polytopal d-
complex in Sd. Let H+ be a closed hemisphere of Sd in general position with respect to C.
(A) If ∂C ∩H+ = ∅, then N(R (C,H+), C) is collapsible.
(B) If ∂C ∩ H+ is nonempty, and C does not lie in H+, then N(R (C,H+), C) collapses to
the subcomplex N(R (∂C,H+), ∂C).
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(C) If C lies in H+, then there exists some facet F of sd ∂C such that sdC collapses to CF :=
sd ∂C − F .
2 Geometric triangulations
If we want to reach exponential bounds for triangulations of d-manifolds, and d is at
least two, we must add some geometric or topological assumption. In fact, already for
d = 2, it is easy to construct g! combinatorially inequivalent triangulations with 14g + 5
triangles of the genus-g surface, cf. Figure 4. Setting N = 14g + 5, clearly bN14c! grows
faster than any exponential. This motivates the search for an exponential upper bound
to the number of triangulations with extra geometric properties.
Figure 4: To construct g! triangulations of the genus-g surface, fix a bijection pi : {1, . . . , g} →
{1, . . . , g′}. Take a strip of 2g + 3 triangles as above, and cone off its boundary to get a 2-sphere
with 4g + 5 triangles. Now remove the interiors of the 2g triangles 1, . . . , g, 1′, . . . , g′, and create
a genus-g surface by attaching handles between the hole i and the hole pi(i), for all i. Since
every handle can be triangulated using 12 triangles, this yields a triangulation Tpi with 14g + 5
triangles of the genus-g surface. By inspecting the link of the highest-degree vertex, from Tpi we
can recover pi, which implies that different permutations yield different triangulations.
Let us recall the notion of endo-collapsibility, introduced in [Ben12]. A triangulation
C of a d-manifold with non-empty boundary is called endo-collapsible if C minus some
d-face Σ collapses onto ∂C. A triangulation C of a d-manifold with empty boundary
is called endo-collapsible if C minus some d-face Σ collapses onto some vertex v. (The
choice of Σ and that of v do not matter: if a sphere C is endo-collapsible, then for any
face ∆ and for any vertex w, one has that C minus ∆ collapses onto w.)
This notion is of interest to us for the following exponential upper bound:
Theorem 2.1 (Benedetti–Ziegler [BZ11]). For fixed d, in terms of the number N of facets,
there are at most 2d2·N endo-collapsible triangulations of d-manifolds with N facets.
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Figure 5: A d-ball is endo-collapsible if it collapses to the boundary after removing the interior
of some d-simplex (it does not matter which). In dimension 2, all disks are endo-collapsible. We
represent an elementary collapse (σ,Σ) by drawing an arrow between the barycenters of the
two faces, with its tail on the lower-dimensional one.
Not all triangulations of simplicial balls and spheres are endo-collapsible, cf. [BZ11,
Thm. 3]. An even stronger fact is that many triangulated spheres are still not endo-
collapsible after two barycentric subdivisions [Ben12]. However, it turns out that all
geometric triangulations of spheres become endo-collapsible after (at most) two derived
subdivisions:
Lemma 2.2 (Benedetti [Ben12, Corollary 3.21]). Let B be a collapsible triangulation of the
d-ball. If sd Lk (σ,B) is endo-collapsible for every face σ, then sdB is endo-collapsible.
Proposition 2.3. Let C denote a geometric triangulation of a convex subset of Sd. Then sd2C
is endo-collapsible.
Proof. Let H denote a general position hemisphere of Sd, and let Hc denote the comple-
ment. Then by Theorem 1.2, N1(R (C,H), C) and N1(R (C,Hc), C) are both collapsible.
By Lemma 2.2, sdN1(R (C,H), C) and sdN1(R (C,Hc), C) are endo-collapsible. Thus
sd2C is endo-collapsible.
Using the bound from Theorem 2.1, we can achieve three non-trivial exponential
bounds.
Lemma 2.4 (following Bayer [Bay88, Theorem 3]). Let A and B be two triangulations of
the same manifold. If sdA = sdB, then A = B.
Proof. We make the stronger claim that the barycentric subdivision of any polytopal com-
plex T determines T up to duality. The claim immediately implies the conclusion, be-
cause if two complexes are dual to one another, only one of them can be simplicial. To
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prove our claim, we proceed by induction on dimT . Without loss of generality, assume
T is connected. Also, assume T is not a single simplex. Following Bayer [Bay88], con-
sider a minimal coloring of the complex sdT . Choose a vertex v of sdT . Decompose
Lk (v, sdT ) minimally into color classes so that Lk (v, sdT ) is a join of the complexes
induced by these color classes. If this decomposition is trivial, v corresponds to either
a vertex or a facet of T . List all the vertices with trivial decomposition. By the assump-
tion, the induced complex on these vertices is a 2-colorable graph with an edge, with
endpoints a and b. If a is a vertex of T , then b must correspond to a facet of T . By
inductive assumption we can determine Lk (a, T ) from Lk (a, sdT ); in particular, T is
determined by sdT . The other option is if a is a facet; in this case b is a vertex of T and
again by induction we can determine Lk (b, T ) from Lk (b, sdT ). Hence, there are only
two options, which are dual to one another.
Theorem 2.5. In terms of the number N of facets, there are:
• less than 2d2·(d+1)!·N geometric triangulations of convex balls in Rd,
• less than 2d2·((d+1)!)2·N geometric triangulations of Sd,
• less than 2d2·((d+1)!)(d−2)·N star-shaped balls in Rd.
Proof. We only prove the first item here, the other ones can be proven analogously. Let
C be any simplicial subdivision of a convex d-polytope. By Theorem 1.2(C), the derived
subdivision sdC is endo-collapsible. Furthermore, if C has N facets, then sdC has
(d+1)!·N facets. Hence, by Theorem 2.1, sdC is one of at most 2d2·(d+1)!·N combinatorial
types. Since simplicial complexes with isomorphic derived subdivisions are isomorphic
by Lemma 2.4, we conclude that C is one of at most 2d
2·(d+1)!·N combinatorial types.
3 Triangulated space forms with bounded geometry
In this section, we wish to study space forms, which are Riemannian manifolds of con-
stant sectional curvature [CE75]. We focus on space forms with “bounded geometry”,
with the goal of establishing an exponential upper bound for the number of triangula-
tions. The following Lemma is well known:
Lemma 3.1. Let M be a space form of dimension d ≥ 2. There are at least exponentially many
triangulations of M .
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This motivates the search for an upper bound to the number of such geometric tri-
angulations. We will show that Lemma 3.1 is best possible, in the sense that these
triangulations are also at most exponentially many (Theorem 3.5).
Our idea is to chop a geometric triangulation of a space form with bounded geom-
etry into a bounded number of endo-collapsible balls. The key for this is given by the
following two lemmas: One is Cheeger’s bound on the injectivity radius, the other a
direct consequence of Toponogov’s theorem.
Lemma 3.2 (Cheeger [Che91]). Let −∞ < k < ∞ and D,V > 0. There exists a positive
number C˜(k,D, V ) > 0 such that every Riemannian d-manifold with curvature ≥ k, diameter
≤ D and volume ≥ V , has no closed geodesic of length less than C˜(k,D, V ).
A well-known result by Klingenberg is that the injectivity radius is larger than the
minimum of half the length of the shortest closed geodesic and
√
K, where K is the
supremum of sectional curvatures on the Riemannian manifold in question. From this
we conclude:
Corollary 3.3. Let −∞ < k <∞ and D,V > 0. There exists an integer C(k,D, V ) > 0 such
that every d-dimensional space form with curvature ≥ k, diameter ≤ D and volume ≥ V has
injectivity radius at least C(k,D, V ).
Finally, we need a lemma to cover a Riemannian manifold by disks.
Lemma 3.4. Let k,D be real numbers, with D > 0. Let d be a positive integer. For every
ε > 0, there exists a positive integer Nε such that every Riemannian d-manifold with curvature
bounded below by k and diameter at most D can be covered with at most Nε balls of radius ε.
Proof. Let X be a Riemannian manifold satisfying the assumptions. Let x be a point
of X . Let BdD be a ball of radius D in the d-dimensional space of constant curvature
m = min{k, 0}. The ball BdD has a cover with Nε balls of diameter ε. Consider the
map expx êxp
−1, where êxp is the exponential map in BdD with respect to the center and
expx is the exponential map in X with respect to x, cf. [CE75, Ch. 1, Sec. 2]. By the
assumption, X has curvature bounded below by k. By Toponogov’s Theorem, for all
a, b ⊂ BdD, we have
|(expx êxp−1)(a)(expx êxp−1)(b)| ≤ |ab|;
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in other words, expx êxp
−1 is a non-expansive map. Thus, the images of the Nε balls
that cover BdD are contained in Nε balls of radius at most ε.
We are ready for the proof of the main theorem.
Theorem 3.5. For fixed k,D, d and V , in terms of the number N of facets, there are only
exponentially many intrinsic simplicial complexes whose underlying spaces are d-dimensional
space forms of curvature bounded below by k, of diameter ≤ D and of volume ≥ V .
Proof. Our proof has three parts:
(I) we cover a space form X satisfying the constraints above with convex open balls;
(II) we count the number of geometric triangulations restricted to each ball;
(III) we assemble the triangulated balls together, thus estimating the number of trian-
gulations of X .
Figure 6: The restriction of the triangulation to each of the Bi (i ∈ S) is endo-collapsible. By counting the
number of ways in which two of the Bi’s can be glued to one another, we determine an upper bound on
the number of triangulations.
Part (I). LetX be a space form of dimension d satisfying the Cheeger constraints (k,D, V ).
By Lemma 3.4, there exists a set S of s = s(k,D, V ) points in such that every point in X
lies in distance less than ε := C(k,D,V )4 of S. With this choice, any ball of radius ε in X
is isometric to a convex ball of radius ε in the unique simply-connected space form of
curvature equal to the curvature of X . Let T be a triangulation of X into N simplices.
Let (Bi)i∈{1,··· ,s} be the family of open convex balls with radius ε, centered at the points
of S.
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Part (II). For any subsetA ⊂ X , let VA denote the vertices of sdT corresponding to faces
of T intersecting A. Define TA to be the subcomplex of sdT induced by VA.
Let now Bi be one of the convex balls as above. Then T ′i := N(TBi , sdT ) is col-
lapsible by Theorem 1.2(A), as the barycentric subdivision of T can be realized by a
geometric triangulation such that the vertices of VBi lie in Bi. Also, for every face σ of
T ′i , sd
2Lk (σ, T ′i ) is endo-collapsible by Proposition 2.3. Thus, by Lemma 2.2, sd
3T ′i is
endo-collapsible. Hence, Theorem 2.1 provides a constant κ such that the number of
combinatorial types of T ′i is bounded above by e
κN .
Part (III). The triangulation sd 2T of X is completely determined by
(i) the triangulation of each T ′i ,
(ii) the triangulation T ′i ∩ T ′j and its position in T ′i and T ′j . (This means we have to
specify which of the faces of T ′i are faces of T
′
i ∩ T ′j , too.)
As we saw in Part II, we have eκN choices for triangulating each T ′i . Since T
′
i∩T ′j is a disk,
it has connected dual graph; hence, if we specify the location of one facet ∆ of T ′i ∩ T ′j
in T ′j and T
′
i (including its orientation), this suffices to determine the position of T
′
i ∩ T ′j
in T ′i and T
′
j . For this, we have at most (d+ 1)!
4N2 possibilities. Thus the number of
geometric triangulations T of d-dimensional space forms with N facets, diameter ≤ D,
volume ≥ v, and curvature bounded below by k is bounded above by
eκsN
(
(d+ 1)!2N
)s(s−1)
.
Acknowledgments
Karim Adiprasito acknowledges support by a Minerva fellowship of the Max Planck Society, an
NSF Grant DMS 1128155, an ISF Grant 1050/16 and ERC StG 716424 - CASe. Bruno Benedetti ac-
knowledges support by an NSF Grant 1600741, the DFG Collaborative Research Center TRR109,
and the Swedish Research Council VR 2011-980. Part of this work was supported by NSF under
grant No. DMS-1440140, while the authors were in residence at the Mathematical Sciences Re-
search Institute in Berkeley, California, in Fall 2017. Both authors are thankful to the anonymous
referees and to Gu¨nter Ziegler for corrections, suggestions, and improvements.
12
References
[Adi13] K. A. Adiprasito, Methods from Differential Geometry in Polytope Theory, PhD thesis,
Berlin, 2013; available at arXiv:1403.2657.
[AB17a] K. A. Adiprasito and B. Benedetti, Collapsibility of CAT(0) spaces, preprint at arXiv:
1107.5789v6.
[AB17b] K. A. Adiprasito and B. Benedetti, Barycentric subdivisions of convex complexes are col-
lapsible, preprint at arXiv:1709.07930.
[AB17] K. A. Adiprasito and B. Benedetti, Subdivisions, shellability, and collapsibility of prod-
ucts, Combinatorica 37 (2017), 1–30.
[ADJ91] J. Ambjørn, B. Durhuus, and T. Jo´nsson, A model of three-dimensional lattice gravity,
Mod. Phys. Lett. A6 (1991), 1133–1146.
[ADJ97] J. Ambjørn, B. Durhuus, and T. Jo´nsson, Quantum geometry, Cambridge Monographs
on Mathematical Physics, Cambridge University Press, Cambridge, 1997.
[AG97] F. D. Ancel and C. R. Guilbault, Interiors of compact contractible n-manifolds are hyper-
bolic (n ≥ 5), J. Differential Geom. 45 (1997), 1–32.
[Bay88] M. Bayer, Barycentric Subdivisions. Pacific J. Math. 135 (1988), 1–16.
[Ben12] B. Benedetti, Discrete Morse theory for manifolds with boundary, Trans. Amer. Math. Soc.
364 (2012), 6631–6670.
[Ben16] B. Benedetti, Smoothing Discrete Morse theory, Ann. Sc. Norm. Sup. Pisa Cl. Sci., Ser.V,
Vol. XVI, Fasc. 2 (2016), 335–368.
[BZ11] B. Benedetti and G. M. Ziegler, On locally constructible spheres and balls, Acta Math.
206 (2011), 205–243.
[BH99] M. R. Bridson and A. Haefliger, Metric spaces of non-positive curvature, Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sci-
ences], vol. 319, Springer-Verlag, Berlin, 1999.
[BBI01] D. Burago, Yu. Burago, and S. Ivanov, A course in metric geometry, Graduate Studies
in Mathematics, vol. 33, American Mathematical Society, Providence, RI, 2001.
[BW12] K.-U. Bux and S. Witzel, Local convexity in CAT(κ)-spaces, preprint, available at
arXiv:1211.1871.
[Cha96] R. Charney, Metric geometry: connections with combinatorics, Formal power series and
algebraic combinatorics (New Brunswick, NJ, 1994), DIMACS Ser. Discrete Math.
Theoret. Comput. Sci., vol. 24, Amer. Math. Soc., Providence, RI, 1996, pp. 55–69.
13
[Che91] J. Cheeger, Critical points of distance functions and applications to geometry, Geometric
topology: recent developments (Montecatini Terme, 1990), Lecture Notes in Math.,
vol. 1504, Springer, Berlin, 1991, pp. 1–38.
[CE75] J. Cheeger and D. G. Ebin, Comparison theorems in Riemannian geometry, North-
Holland Publishing Co., Amsterdam, 1975, North-Holland Mathematical Library,
Vol. 9.
[CdV91] Y. Colin de Verdie`re, Comment rendre ge´ode´sique une triangulation d’une surface?, En-
seign. Math. (2) 37 (1991), 201–212.
[DM99] M. W. Davis and G. Moussong, Notes on nonpositively curved polyhedra, Low dimen-
sional topology (Eger, 1996/Budapest, 1998), Bolyai Soc. Math. Stud., vol. 8, Ja´nos
Bolyai Math. Soc., Budapest, 1999, pp. 11–94.
[DJ95] B. Durhuus and T. Jonsson, Remarks on the entropy of 3-manifolds, Nuclear Physics B
445 (1995), pp. 182–192.
[Gro00] M. Gromov, Spaces and questions, Geom. Funct. Anal. (2000), 118–161, GAFA 2000.
[HZ00] M. Hachimori and G. M. Ziegler, Decompositions of simplicial balls and spheres with
knots consisting of few edges, Math. Z. 235 (2000), 159–171.
[Hud69] J. F. P. Hudson, Piecewise Linear Topology, University of Chicago Lecture Notes, W. A.
Benjamin, Inc., New York-Amsterdam, 1969.
[Kal88] G. Kalai, Many triangulated spheres, Discrete Comput. Geom. 3 (1988), 1–14.
[Kir95] R. Kirby, Problems in low–dimensional topology, math.berkeley.edu/kirby/problems.ps.
[Lut02] F. H. Lutz, Examples of Z-acyclic and contractible vertex-homogeneous simplicial com-
plexes, Discrete Comput. Geom. 27 (2002), 137–154.
[Mar58] A. Markov, Unsolvability of certain problems in topology, Dokl. Akad. Nauk SSSR 123
(1958), 978–980.
[PZ04] J. Pfeifle and G. M. Ziegler, Many triangulated 3-spheres, Math. Ann. 330 (2004), 829–
837.
[Reg61] T. Regge, General relativity without coordinates, Nuovo Cimento (10) 19 (1961), 558–
571.
[Tut62] W. T. Tutte, A census of planar triangulations, Canad. J. Math. 14 (1962), 21–38.
[Wag36] K. Wagner, Bemerkungen zum Vierfarbenproblem, Jahresbericht der DMV 46 (1936),
26–32.
14
[Wei82] D. H. Weingarten, Euclidean quantum gravity on a lattice, Nuclear Physics B 210 (1982),
229–245.
[Whi39] J. H. C. Whitehead, Simplicial Spaces, Nuclei and m-Groups, Proc. London Math. Soc.
S2-45 (1939), 243.
[Wot04] R. Wotzlaw, Rudin’s non-shellable ball, Electronic Geometry Model No. 2004.08.001.
Available at www.eg-models.de/models/Simplicial_Manifolds/2004.08.001/
_preview.html
15
